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The present study demonstrates that optimal multi-cyclic stiffness variations of discrete controllable stiffness
devices in the rotor blade root region can reduce the 4/rev vibratory hub loads of a four-bladed hingeless rotor
helicopter. The controllable stiffness devices (� ap, lag, and torsion devices) are modeled as discrete springs whose
stiffness coef� cients can be varied, and a gradient-based optimization scheme is used to determine optimal multi-
cyclic device stiffness variations that minimize a composite index comprisingof all six componentsof vibratory hub
loads. Multi-cyclic stiffness variations of the � ap and lag devices are most in� uential, and when optimal 2/rev and
3/rev stiffness variations of these devices were used in combination the vibratory hub drag force was practically
eliminated and the vibratory hub side force was reduced by 55%. No signi� cant detrimental effects were observed
on the � rst through the � fth harmonics of the vibratory blade root loads. Multi-cyclic (3/rev and 4/rev) stiffness
variations of the torsion device produced only small reductions in the 4/rev hub vertical force. Multi-cyclic stiffness
variations of the � ap and lag devices were seen to be effective in reducing hub vibration even when there were
changes in fundamental rotor properties such as the � ap, lag, and torsion stiffness of the root (� exure) element,
and the cruise speed.

I. Introduction

I N forward � ight helicopters can experience severe vibration
caused by the rotor blades operating in a periodic aerodynamic

environment. These vibrations result in signi� cant crew and pas-
senger discomfort, increased component fatigue and maintenance
requirements, and reducedeffectivenessof sensitiveequipment and
weapon systems for military helicopters.Accordingly,considerable
effort has been devoted over the past several decades to examine
passive design and active control strategies for helicopter vibration
reduction (for example, see Refs. 1–10).

Common techniques for passive vibration reduction include use
of vibration absorbers, isolators, and structural and aerodynamic
design optimization of the rotor blades. Although these concepts
can produce some vibration reduction, they generally involve a sig-
ni� cant weight penalty and are tuned to a speci� c � ight/operating
condition (inability to adapt to changes in conditions). Active vi-
bration reduction strategies have also been examined extensively—
including higher harmonic pitch control or HHC, individual blade
control or IBC (through root pitch actuation, trailing edge � ap ac-
tuation, active blade twist, etc.), and active control of structural re-
sponse or ACSR. HHC and IBC involve generatingunsteadyhigher
harmonicaerodynamicloads that cancel the originalvibratory loads
at the source. Although these methods can be effective, they usually
involvehigh power requirements,addedweight and complexity,and
high pitch-linkloads. Further, IBC requiresuse of slip rings capable
of transferring enough power to the actuators in the rotating frame.
ACSR uses actuators carefully located in the airframe to actively
cancel the incoming N/rev vibratory loads from the rotor. Although
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this methodcan locally reduceairframevibration,the high vibration
levels and dynamic stresses experiencedby the rotor blades remain
unaltered.

Recentlya new semi-activeapproachwas proposedfor helicopter
vibration reduction,11;12 involving cyclic variation of the effective
� ap, lag, and torsion stiffness of the blade root region. It was shown
thatby introducingsmall-to-moderateamplitudestiffnessvariations
at harmonics of the rotor speed considerable reduction in vibratory
hub loads was possible. A semi-active approach differs from purely
active approachesto rotor control (HHC and IBC) in that large aero-
dynamic forces do not have to be directly overcome in every cycle
(a requirement with pure active approaches involving twisting of
the blade, changing of the blade pitch, or de� ection of a trailing-
edge � ap). Consequently, power requirements for semi-active con-
trol schemes tend to be substantiallysmaller for comparableperfor-
mance, and such strategieshave already been explored for vibration
suppressionapplicationssuch as controlling the structural response
caused by earthquakes (for example, see Refs. 13–16) and in the
design of suspensions in the automobile industry (for example, see
Refs. 17–20). An additionaladvantageof semi-activecontrol is that
unlikepure active control little energy is beingpumped into the con-
trolled system, so that there is little or no potential for instability.
Althoughboth semi-activeas well as pure active rotor control favor-
ablymodify thehigherharmonicrotorblade responsein reducingvi-
bration,a semi-activeapproachachievesthis by modulating the sys-
tem properties,whereas pure active approachesgenerate forces and
moments on the blade. In practice, stiffness variations of the rotor
blade root region could be achieved by introducingdiscretedevices
such as controllable ori� ce devices21 or controllable electrorheo-
logical or magnetorheological� uid-based devices in the blade root
region.22;23 In a previous study the authors clearly established the
sensitivity of hub vibrations to individual cyclic variations in the
� ap, lag, and torsion stiffnessof the blade root region and explained
the underlyingphysical mechanisms by which vibration reductions
were achieved.11 This was followed by the use of formal optimiza-
tion methods to determine the combined multi-cyclic stiffness vari-
ations in � ap, lag, and torsion that minimized a composite vibration
index comprising of all componentsof N/rev vibratory hub loads.12

However, in both of these studies the � exural or torsional stiffness
of the entire root element (Rotor blade is discretizedalong the span
using � nite element method.) was cyclically varied, and the practi-
cal implementation of stiffness variations of the blade root region
through discrete controllable-stiffnessdevices was not examined.
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II. Focus of the Present Study
The present study examines the effectivenessof semi-active dis-

crete controllable-stiffnessdevices introduced in the blade root re-
gion in reducing the 4/rev hub vibrations of a light BO-105 type
four-bladedhingelessrotor helicopter.The controllablestiffnessde-
vices are modeled as discrete springs whose spring coef� cients can
be cyclicallyvaried and can thereby produce cyclic variations in ef-
fective � ap stiffness, lag stiffness, and torsion stiffnessof the blade.
Considering each device individually at � rst, a gradient-based ap-
proach is used to determineoptimal multi-cyclicstiffnessvariations
that minimize a composite vibration index (comprising of all six
components of vibratory hub loads), and the effect of these optimal
inputs on the hub vibrations are examined. Next, reductions in hub
vibratoryloads are examinedwhen the devices are used in combina-
tion,and the in� uenceof theoptimalmulti-cyclicstiffnessvariations
on the vibratoryblade root loads is examined as well. The effective-
ness of this semi-active control scheme in reducing helicopter hub
vibration is evaluated for variations in system parameters such as
the blade root (� exure) element � ap, lag, and torsion stiffness, as
well as variations in cruise speed.

III. Analysis Method
To evaluate the effectiveness of optimal multi-cyclic stiffness

variations of discrete controllable-stiffness devices introduced in
the blade root region in reducing helicopter hub vibration, a com-
prehensive rotorcraft aeroelastic analysis based on the UMARC
formulation24 is used. A BO-105 type four-bladed hingeless ro-
tor helicopter is simulated, with the blades assumed to undergo
elastic � ap and lag bending and elastic torsion deformations. The
sectionalaerodynamicloads are calculatedusing bladeelement the-
ory, with the in� ow calculated using a free-wake methodology.25;26

In the analysis the blades are discretized along the span using the
� nite element method, and the discretized blade equations of mo-
tion are transformed to modal space to reduce computational cost.
Blade periodic response in forward � ight is calculated using the
temporal � nite element method. Evaluation of blade response and
vehicleorientationand controls is carriedout iterativelyin a coupled
response-trim calculation procedure. Such a coupled solution pro-
cedure is required because the blade response in� uences the steady
rotor hub forces and moments, which appear in the vehicle equi-
librium equations and impact the vehicle orientation and control
settings. The new orientation and controls, in turn, affect the blade
response. The converged solution yields the vehicle orientationand
controls,bladeperiodic response,as well as the vibratoryblade root
loads and hub loads.

The root stiffness variations are implemented through discrete
controllable stiffness devices in the root region of the blade (see
schematic sketch, Fig. 1a). These devices are mathematically rep-
resented by the controllable springs Kw , Kv , and KÁ (as shown in
Figs. 1b–1d). For the � ap and lag controllablestiffness devices con-
� guration and attachment geometry are shown in Fig. 2. While one
endof thedevice is attachedto the rotorhub, theother end is attached
to the rotor blade at a � nite element node so that the motion of that
point (required to determine the device forces) is directly available,
and semi-active forces and moments exerted on the blade are easily
accounted for. The semi-active force generated dependson both the
instantaneous stiffness of the devices as well as the blade motion
at the attachment point, which governs the relative displacementof
the controllablesprings.Figure 3a shows the deformationof the � ap
device caused by � ap bending motion of the blade. From the geom-
etry and kinematics it can be shown that the � ap spring deformation
caused by � ap displacementw and slope w0 at the attachment point
is given by

1Lw D ¡w sin ®w ¡ eww0 cos®w (1)

Similarly, if v and v 0 are the lag-bending displacement and slope
at the point the controllable lag spring is attached to the blade the
deformation of the lag spring can be shown to be

1Lv D ¡v sin ®v ¡ evv0 cos®v (2)

In Eqs. (1) and (2), ®w and ®v are the attachment angles of the � ap
and lag devices, and ew and ev are the attachmentoffsets (as seen in

a)

b)

c)

d)

Fig. 1 Discrete controllable stiffness devices at the rotor hub a) Sche-
maticdiagramof discrete controllable stiffness devices and their mathe-
matical idealization in b) � ap, c) lead-lag, and d) torsion directions.

Flap device

Lag device

Fig. 2 Con� guration and attachment geometry of controllable stiff-
ness devices.

Figs. 2). The semi-active � ap device force F K
w and lag device force

F K
v are then expressed as

F K
w D ¡Kw1Lw; F K

v D ¡Kv 1Lv (3)

with Kw and Kv representingthe instantaneousstiffnessof the con-
trollable � ap and lag devices, respectively. The devices exert both
forces and bending moments on the blade at the point of attach-
ment in the � ap and lag directions (see Fig. 3b for the force and
moment on the blade caused by the � ap device). The resulting loads
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Fig. 3a Deformation of the � ap device caused by blade bending.

Fig. 3b Loads exerted on the blade at attachment point by the � ap
device.

at the blade � nite element nodes (� ap-bending shear force Fw and
moment Mw , lag-bending shear force Fv and moment Mv/ can be
represented as

»
Fw

Mw

¼
D ¡Kw

µ
sin2 ®w ew sin ®w cos ®w

ew sin ®w cos ®w .ew cos®w/2

¶ »
w

w0

¼

(4a)
»

Fv

Mv

¼
D ¡Kv

µ
sin2 ®v ev sin ®v cos ®v

ev sin ®v cos ®v .ev cos ®v /2

¶ »
v

v0

¼
(4b)

Further, the torsion moment acting on the blade at the attachment
point of the torsion stiffness device is expressed as

MÁ D ¡KÁÁ (4c)

Because the blade loads in Eqs. (4a–4c) are dependent on the blade
responseat the attachmentpoint (w, w0, v, v 0, and Á), they will result
in a modi� cation of the blade stiffness matrices.

Cyclic variations in � ap, lag, and torsion spring stiffness are then
represented as follows:

Kw D Kw.Ã/ D NKw C
NX

n D 1

£
1K n

w sin
¡
nÃ C Áw

n

¢¤
(5a)

Kv D Kv.Ã/ D NKv C
NX

n D 1

£
1K n

v sin
¡
nÃ C Áv

n

¢¤
(5b)

KÁ D KÁ .Ã/ D NKÁ C
NX

n D 1

£
1K n

Á sin
¡
nÃ C ÁÁ

n

¢¤
(5c)

In the preceding equations n represents the frequency of the stiff-
ness variations (n D 2 implies 2/rev variations, n D 3 implies 3/rev
variations,etc.), and Án represents the phase angle correspondingto
stiffness variation at n/rev. For discussions in this paper, the ampli-
tudesof � ap, lag, and torsion springstiffnessvariations1Kw , 1Kv ,
and 1KÁ are expressedas percentagesof their baselinevalues ( NKw ,
NKv , and NKÁ , respectively). From a practical standpoint the maxi-

mum stiffness variations achievable by the discrete devices will be
bounded and cannot exceed a prescribed percentageof the baseline
stiffness ( NKw , NKv , or NKÁ /. Equations(5) can be written in a compact
form as

K .Ã/ D NK C
NX

n D 1

£
1K n sin.nÃ C Án/

¤
(6)

The coupled blade � ap-lag-torsionequations of motion can then be
written symbolically as

m
¤¤
q C c

¤
q Cfk C 1k.Ã/gq D F N L

or

m
¤¤
q C c

¤
q Ckq D F N L ¡ 1k.Ã/q (7)

where 1k.Ã/ represents the componentof the stiffness matrix with
periodically varying terms as a result of the controllable stiffness
devices and F NL includes all of the motion independent forces as
well as nonlinear elastic, inertial, and aerodynamic contributions.
Clearly, the 1k.Ã/q term (from device stiffness variations) can be
regarded as an unsteady loading that, in essence, can be used to
modify the blade responses as desired. Traditional HHC or IBC
produce desired responses for vibration reduction by generating
unsteady aerodynamic forces at 3/rev, 4/rev, and 5/rev (for a four-
bladed rotor). In the present semi-active concept because the blade
periodic response q itself contains harmonics of rotor frequency,
lower harmonic variations of device stiffness 1K.Ã/ are also able
to generate unsteady loads 1k.Ã/q at 3/rev, 4/rev, and 5/rev for a
four-bladedrotor.References11 and 12 demonstratedthat 2/rev and
3/rev blade root � ap and lag stiffness variations and 3/rev and 4/rev
blade root torsion stiffness variations were particularly effective in
reducing 4/rev hub vibrations.

To determine the optimal spring stiffness variation 1K.Ã/, a
frequency-domain approach is used, similar to that employed in
previous active vibration reduction studies.27 Instead of the active
control inputs (bladepitch or trailing-edge� ap inputs), it is assumed
that the harmonics of spring stiffness variations 1K relate to the
helicopterhub vibrationsz (z comprisesall componentsof vibratory
hub loads, z D bF4 p

x F4p
y F4 p

z M 4p
x M4p

y M4 p
z cT /, through a transfer

function T as follows:

z D z0 C T 1K (8)

where z0 representsthe baseline4/rev hub vibrationand z represents
4/rev hub vibration in the presence of variation in spring stiffness
1K .

1K D
£

1K 2c
w 1K 2s

w 1K 3c
w 1K 3s

w| {z }
2;3=rev stiffness variations of the � ap device

1K 2c
v 1K 2s

v 1K 3c
v 1K 3s

v| {z }
2;3=rev stiffness variations of the lag device

£ 1K 3c
Á 1K 3s

Á 1K 4c
Á 1K 4s

Á| {z }
3;4=rev stiffness variations of the torsion device

¤T
(9)

The transfer matrix T is numerically calculated by perturbation of
individual stiffness components about the baseline con� guration.

The control algorithm, adapted from Ref. 27, is based on the
minimizationof a composite quadratic objective function J de� ned
as

J D Jz C Jk D zT Wz z C 1K T Wk 1K (10)

where Wz represents the weighting on output vibration (Wz D
1
6
bzT

0 z0c¡1) and Wk represents the penalty weighting on input (as-
sumed to be the identity matrix unless otherwise stated). Gradient-
based methods are used to minimize J and determine the optimal
input (stiffness variations). An optimal solution can be found by
substituting Eq. (8) into Eq. (10) and setting @ J /@1K D 0. The re-
sulting optimal stiffness variation input is

1K D ¡.T T WzT C Wk/
¡1T T Wz z0 (11)

In the optimization studies of the following sections, Jz D zT Wz z
(which is a measure of the vibration level) is used as a composite
vibration performance index, with smaller values of Jz indicating
more vibration reduction as a result of cyclic stiffness variations
(Jz D 100 for the baseline, with no cyclic stiffness variations).
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IV. Results and Discussion
A. Baseline Con� guration

Effectiveness of discrete controllable stiffness devices in reduc-
ing rotor hub vibrations is examined on a BO-105 type four-bladed
hingeless rotor helicopterwhose properties are given in Table 1. In
previous studies (for example, see Refs. 11, 12, and 24) the rotor
bladewas assumed to haveuniformstructuraland inertialproperties
along its span. However, becausethe introductionof the discretede-
vices in the root region will itself add signi� cant amount of stiffness
to the system, the � ap bending, lag bending, and torsional stiffness
of the root region (20% of the span and thought of as representing
the “� exure”)havebeen reducedto 70% of its baseline(see Table 1).
The discrete devices are then introduced (attached at the intersec-
tion point between the softened inboard � exure and the outboard
blade), and their spring constants adjusted such that the blade rotat-
ing natural frequenciesare virtuallyidentical to thoseof the uniform
blade (without discrete devices). The tuned spring constants of the
discrete devices as well as the resultant rotor frequencies are pro-
vided in Table 1, and it is this con� guration, with the softened root
element and discrete devices, that is considered as the baseline for
this study. If the root element had not been softenedto hold the rotor
frequencies close to those of a typical soft-inplane hingeless rotor,
the vibration reductionspredicted would have applied to unrealistic
rotor designs.

The introduction of discrete controllable stiffness devices near
the blade root (a discrete � ap spring, a lag spring, and a torsional
spring,whose springconstantsare not insigni�cant) raisesquestions
about the required � nite element discretization along the span and
the number of modes required to effectively represent the system.
Because it is possible that a � ner � nite element mesh may be re-
quired, especially in the root region, or a larger number of modes

Table 1 Rotor and fuselage properties

Property Value

Main rotor properties Number of blades 4
lock number ° 6.34
Solidity ratio ¾ 0.1
Rotational speed Ä 40.1234 rad/s
CT =¾ 0.07

Rotor blade properties Blade radius R 16.2 ft.
Blade chord c=R 0.08
Mass per unit length m0 0.135 slug/ft
Flap-bending stiffness E I¯ =M0Ä2 R4 0.008345
Lag-bending stiffness E I³ =m0Ä2 R4 0.023198
Torsional stiffness G J=m0Ä2 R4 0.003822
Lift curve slope a 5.73
Skin-friction drag coef� cient Cd0 0.0095
Induced drag coef� cient Cd2 0.2
Pitching moment coef� cient Cm 0.0

Root element (� exure) properties Flap-bending stiffness E I root
¯

=E I¯ 0.70
Lag-bending stiffness E I root

³
=E I³ 0.70

Torsional stiffness G J root=G J 0.70
Controllable stiffness device properties NKw=.E I¯ =R3 ) 0.12231

NKv=.E I³ =R3 ) 0.11996
NKÁ=.G J=R2 ) 0.00716

®w , ®v 15±

ew , ev 0.5c
Blade natural frequencies Flap 1.147, 3.399, 7.447, 13.342/rev

Lag 0.750, 4.364, 10.963, 20.653/rev
Torsion 4.590, 13.595/rev

Tail rotor properties Number of blades Ntr 4
Tail rotor radius Rtr 3.24 ft.
Solidity ratio ¾tr 0.15
Rotor speed Ätr 5 Ä
Lift curve slope atr 6.0
Tail rotor location (xtr /R, ztr=R) (1.2, 0.2)

Horizontal tail properties Horizontal tail area Sht=¼ R2 0.011
Horizontal tail lift curve slope aht 6.0
Horizontal tail location xht=R 0.95

Rigid fuselage properties c.g. location (xcg, ycg ) (0, 0)
Hub location h=R 0.2
Net weight W 5800 lbs

may be required in the modal transformation, a convergence study
is � rst conducted in Sec. IV.B. Once the number of � nite elements
to model the blade and the number of modes required to represent
the system with the discrete controllablestiffnessdeviceshave been
established,hub vibration reductions caused by optimal cyclic stiff-
ness variations of the discrete devices are examined in Sec. IV.C.

B. Convergence Study

1. Number of Finite Elements Along the Blade Span

A nominal number of � ve equal spanwise � nite elements is used
to capture the elastic � ap bending, lag bending, and torsion defor-
mations of the blade (Fig. 4a), with the discrete devices connected
between the two innermost elements (at around 20% span). Varia-
tion in blade frequencies(up to 20/rev) and the correspondingmode
shapes is examined when increasingnumbers of spanwise elements
are used (as shown in Figs. 4b–4d), with a � ner concentration of
elements near the root region where the discrete devices are at-
tached. The variation in blade natural frequencies with increasing
numbers of elements is shown in Fig. 5. From the � gure it is seen
that starting with a nominal � ve spanwise elements and going up
to 19 spanwise elements results in virtually no change in the � rst
10 modal frequencies (up to 20/rev). Figures 6 and 7, respectively,
show the � ap and torsion mode shapes when increasingnumbers of
spanwise elements are used. From the � gures it is seen that when
an increasing number of elements is used the � rst four � ap mode
shapes and the � rst two torsion mode shapes show little variation.
The � rst four lag modes displayed identical characteristics to the
� ap modes, and these results are therefore not presented. From
the preceding results it is concluded that � ve spanwise � nite ele-
ments (30 degreesof freedom –10 � ap bending,10 lag bending,and
10 torsion) are suf� cient to capture the lowest 10 modes (up to
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a) 5 elements

b) 7 elements

c) 11 elements

d) 19 elements

Fig. 4 Rotor blade � nite element discretization used in the conver-
gence study.

Fig. 5 Rotating system natural frequencies for increasing number of
� nite elements.

20/rev), and even in the presence of discrete stiffness devices in
the blade root region increasing the number of elements does not
improve accuracy of modal frequencies or mode shapes. Conse-
quently, a total of � ve spanwise elements are used to model the
blade hereafter.

2. Number of Blade Modes in Modal Transformation

In helicopter aeroelastic analyses it is common to transform the
blade � nite element equations of motion to a few modal equations
to calculate the blade periodic response in forward � ight in a com-
putationally ef� cient manner. The number of modes used in the
transformation, however, has to be suf� cient to accurately capture
the hub vibrations. In the present study even greater care is required
because the discrete devices are cyclically changing their stiffness
coef� cients around the azimuth, and it is not known, a priori, how
many modes would be required to predict the hub vibrations accu-
rately. This section examines the effect of using increasingnumbers
of � ap, lag, and torsionmodes on the vibratoryhub load predictions.
Simulations are carried out at an advance ratio of 0.35,with one key
simpli� cation—the Drees (linear) in� ow model is used rather than
obtainingthe in� ow from the free wake, in calculatingthe blade sec-
tional aerodynamic loads. Although it is recognized that this could
lead to underpredictionin hub vibration levels, the emphasis in this
section is to establish the number of modes required to predict hub
vibrationswith cyclic stiffness variationsof discrete devices, rather

Fig. 6 Blade� ap modeshapes for increasingnumberof � nite elements.

Fig. 7 Blade torsional mode shapes for increasing number of � nite
elements.

than predicting the “correct” vibration levels using a more sophis-
ticated aerodynamic model.

Using,nominally,two � ap, two lag, and two torsionmodes (along
with the Drees in� ow model, at an advance ratio of 0.35), optimal
2/rev and 3/rev stiffnessvariationsof the � ap device,2/rev and 3/rev
stiffness variations of the lag device, and 3/rev and 4/rev stiffness
variationsof the torsion device were � rst determined (see Table A1
in the Appendix). The baseline vibration levels (no cyclic stiffness
variations) and the reducedvibration levelsobtainedwhen using the
� ap device, lag device, or torsion device (with inputs in Table A1)
were also recorded (see Table A2). Next, for the optimal 2/rev and
3/rev stiffness variations of the � ap device the hub vibration levels
were calculatedusingincreasingnumberof � ap modes. (Inputswere
held constant, not recalculated for increasing number of modes.)
These results are shown in Fig. 8. The � gure clearly indicates that
for a given optimal cyclic stiffnessvariation of the � ap device when
the number of � ap modes is greater than four no change in any
component of the predicted 4/rev vibratory hub loads is observed.
This process was then repeated using optimal stiffness variations
of the lag device and progressively increasing the number of lag
modes, and using optimal stiffness variations of the torsion device
and progressivelyincreasing the number of torsion modes—and for
both cases, examining the effects of increasing number of modes
on predicted 4/rev hub vibrations. (Results not included.) The con-
clusion of this modal convergence study was that four � ap modes,
four lag modes, and two torsion modes were required to predict the
4/rev hub vibration levels, when the stiffnessof the discretedevices
is cyclically varied around the azimuth. These are the number of
modes used in the vibration reduction studies in Sec. IV.C.

C. Hub Vibration Reductions Using Controllable Stiffness Devices

The effectiveness of optimal multi-cyclic variations in the stiff-
ness of the discrete devices, on reducing the 4/rev hub vibration
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Table 2a 4/rev vibratory hub loads
for baseline rotor—no cyclic stiffness

variation (free wake, ¹ = 0:3)

4/rev vibratory hub loads Values

Fx
a 1.171942

Fy
b 2.241857

Fz
c 2.635219

Mx
d 37.758708

My
e 40.251373

Mz
f 54.868240

a Fx D drag force.
b Fy D side force.
c Fz D vertical force.
d Mx D rolling moment.
e My D pitching moment.
fMz D yawing moment. [All forces are % of F 0

z
(5914 lbs). All moments are % of M0

z (4878 ft-lbs).]

Table 2b Harmonics of blade root loads for baseline rotor—no cyclic
stiffness variation (free wake, ¹ = 0:3)

HarmonicsBlade root
loads 1/rev 2/rev 3/rev 4/rev 5/rev

Sr
a 16.5412 1.793 0.348 1.5112 0.2833

Sx
b 13.5271 0.8518 0.9605 3.4555 0.5395

Sz
c 4.3921 1.3569 5.9717 0.6584 0.4924

MÁ
d ¡1.624 ¡0.53 ¡0.175 ¡0.256 ¡0.031

M¯
e ¡20.017 ¡4.484 ¡19.397 ¡1.991 ¡1.421

M³
f ¡77.574 ¡3.881 ¡3.617 ¡13.745 ¡1.96

a Sr D radial shear.
b Sx D drag shear.
c Sz D vertical shear.
d MÁ D pitching moment.
e M¯ D � ap moment.
f M³ D lag moment. [All forces are % of M0r 2 R2. All moments are %
of M0r2 R3 .]

Fig. 8 Variation in 4/rev vibratory hub load predictions with increas-
ing number of � ap modes, when a 2,3/rev � ap stiffness variation is used
(Drees in� ow, ¹ = 0.35).

levels, is examined in this section. The 4/rev hub vibrations for
the baseline helicopter, in the absence of any cyclic stiffness vari-
ation, are � rst obtained at an advance ratio of 0.3, with the inclu-
sion of a full free wake in the calculation of the blade sectional
aerodynamic loads. These results are given in Table 2a, and the
corresponding vibratory blade root loads (� rst through � fth har-
monics) are given in Table 2b. The hub vibration levels in Table
2a correspond to a vibration performance index Jz D 100 and are
used as point of reference to which vibration levels are compared
when optimal multi-cyclic stiffness variations are introduced. Sec-
tions IV.C.1–IV.C.3 examinethe vibrationreductionsobtainedwhen
multi-cyclic stiffness variations of a � ap device, a lag device, and

Table 3 Optimal 2,3/rev � ap device
stiffness variations (Jz = 69:25)

Amplitude
Input (1Kw= NKw ), % Phase, deg

2/rev 18.4 44.4
3/rev 47.1 140.8

Fig. 9 Hub vibration reduction caused by optimal 2,3/rev � ap device
stiffness variations.

a torsion device are considered individually. Only 2/rev and 3/rev
stiffnessvariationsof the discrete � ap and lag devices and 3/rev and
4/rev stiffness variations of the discrete torsion device are consid-
ered because previous studies showed that these components had
the greatest in� uence on hub vibrations.11;12 Based on the vibration
reductions obtained with the individual devices, Sec. IV.C.4 eval-
uates the reductions possible when optimal multi-cyclic stiffness
variations of the � ap and lag devices are simultaneously consid-
ered. Finally, Sec. IV.C.5 and IV.C.6 demonstrate the effectiveness
of the discrete controllable stiffness devices in reducing hub vibra-
tion levelsforvariationsin con� gurationpropertiesandcruisespeed,
respectively.

1. Optimal 2,3/rev Flap Device Stiffness Variations

Multi-cyclic variations in the spring coef� cient of only the � ap
stiffness device (see Fig. 1a and the mathematical representationin
Fig. 1b) are considered � rst. The optimal 2/rev and 3/rev � ap stiff-
ness variations (amplitude and phase values) are determined using
the approach described in Sec. III and are presented in Table 3. For
these optimal stiffness variations the output vibration index Jz is
reduced by 31%, compared to the baseline value. The correspond-
ing reductions in individual components of vibratory hub loads are
shown in Fig. 9. An 80% reduction in in-plane hub drag force F4p

x

and a 45% reduction in in-plane hub side force F4 p
y are observed.

Changes in the other components of vibratory hub loads are less
than 10%. The variation in device stiffness over a single rotor revo-
lution is shown in Fig. 10 and is bounded between 35 and 160% of
the baseline value NKw .

2. Optimal 2,3/rev Lag Device Stiffness Variations

Next, multi-cyclic variations in the spring coef� cient of the lag
stiffness device (see Fig. 1a and the mathematical representation
in Fig. 1c) are considered. The optimal 2/rev and 3/rev stiffness
variations of the lag device are presented in Table 4. These opti-
mal lag device stiffness variations result in a 16% reduction in the
vibration index Jz relative to the baseline, with changes in the indi-
vidual components of vibratory hub loads shown in Fig. 11. From
the � gure a 45% reduction in in-plane hub drag force F4p

x and a
25% reduction in in-planehub side force F4p

y are observed,with the
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Table 4 Optimal 2,3/rev lag device
stiffness variations (Jz = 84:23)

Amplitude
Input (1Kv= NKv ), % Phase, deg

2/rev 36.8 33.4
3/rev 14.3 ¡160.3

Fig. 10 Time history of optimal 2,3/rev � ap device stiffness variations,
presented in Table 3.

Fig. 11 Hub vibration reduction caused by optimal 2,3/rev lag device
stiffness variations.

other componentsnot showing any signi� cant changes.The combi-
nation of the 2/rev and 3/rev inputs (amplitude and phase) implies
that the lag device stiffness varies between 53 and 150% of the
baseline value NKv over a single rotor revolution (stiffness variation
not shown).

3. Optimal 3,4/rev Torsion Device Stiffness Variations

Multi-cyclicvariationsin the springcoef� cientof the controllable
torsionstiffnessdeviceare considerednext (seeFig. 1a and themath-
ematical representationin Fig. 1d). Optimal 3/rev and 4/rev torsion
stiffness variations are presented in Table 5a and the correspond-
ing reductions in individual components of vibratory hub loads are
shown in Fig. 12. Only a very modest reduction (under 5%) in the
vibratory vertical hub force F4p

z is observed,and other components
of hub vibratory loads have even lower sensitivity. These observa-
tions are qualitativelysimilar to those previouslyreported,11 but the
percentage reduction in F 4p

z is even smaller as a result of the higher
baseline vibration levels associated with the inclusion of the free
wake in the present analysis.For the results in Table 5a and Fig. 12,

Table 5a Wk = 0:020[I], baseline torsion
device stiffness = ÅKÁÁ

Amplitude
Input (1KÁ = NKÁ ), % Phase, deg

3/rev 18.7 ¡176.1
4/rev 46.8 151.9

Table 5b Wk = 0:015[I], baseline torsion
device stiffness = ÅKÁÁ

Amplitude
Input (1KÁ = NKÁ ), % Phase, deg

3/rev 25.1 ¡179.3
4/rev 60.8 152.5

Table 5c Wk = 0:015[I], baseline torsion
device stiffness = 2 ÅKÁÁ

Amplitude
Input (1KÁ =2 NKÁ ), % Phase, deg

3/rev 25.2 ¡175.5
4/rev 59.7 166.4

Fig. 12 Hub vibration reduction caused by optimal 3,4/rev tor-
sion device stiffness variations (Wk = 0.02[I], baseline torsion device
stiffness = ÅKÁ ).

a penalty weighting on the input of Wk D 0:02I was used, as the
default value of Wk D I (for results in Sec. IV.C.1 and IV. C .2)
produced torsion stiffness variations that were very small and no
negligible change in vibratory hub loads.

To examine whether any further reductionsin hub vibration were
possible using cyclic torsion stiffness variations, two additional
cases are considered. In the � rst case the penalty weighting Wk

is reduced (from 0.02I to 0.015I ), allowing for larger percentage
variations in spring coef� cient. In the second case, recognizing that
the arbitrarily large percentagechanges in spring coef� cient are not
permissible and yet it is the actual physical values of the stiffness
changesthatmatter, NKÁ is itself increasedto twice thebaselinevalue.
In this case larger torsion stiffness variation can be introducedeven
while the change in spring coef� cient, as a percentage of the base-
line, is kept bounded. (Of course, the baseline rotor frequenciesand
vibration characteristicsthemselves undergosome change.) The re-
ductions in the vibratory vertical hub force F4p

z for these two cases,
shown in Fig. 13, suggest that only small improvements are pos-
sible. The corresponding optimal stiffness variations are given in
Tables 5b and 5c. Because multi-cyclic torsion stiffness variations
are clearlymuch less in� uential than � ap and lag stiffnessvariations,
they are not further considered for semi-active helicopter vibration
reduction.
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Table 6 Optimal 2,3/rev � ap and lag devices stiffness
variations (Jz = 67:23)

Input Amplitude Phase, deg

Flap device 2/rev 1Kw D 5:5% NKw 30.1
stiffness variation 3/rev 1Kw D 43:5% NKw 139.7

Lag device 2/rev 1Kv D 32:2% NKv 59.7
stiffness variation 3/rev 1Kv D 8:9% NKv 109.4

Fig. 13 Hub vibration reduction caused by the optimal 3,4/rev torsion
device stiffness variations with varying input weights (Wk) and baseline
torsion spring stiffness ( ÅKÁ , 2 ÅKÁ ).

Fig. 14 Hub vibration reduction caused by optimal 2,3/rev � ap and
lag device stiffness variations.

4. Optimal 2,3/rev Flap and Lag Device Stiffness Variations

From the results in Sec. IV.C.1–IV.C.3, it is clearly established
that multi-cyclic variations in either � ap or lag device stiffness can
signi� cantly reduce some components of hub vibration, but varia-
tion in torsion stiffness is relatively ineffective.The present section
examines the possible reductions in vibratory hub loads when opti-
mal 2/rev and 3rev � ap and 2/rev and 3rev lag stiffnessvariationsare
simultaneously considered. (These results are presented in Fig. 14,
and the corresponding optimal inputs are shown in Table 6.) The
optimal stiffness variations produce a 33% reduction in vibration
index. It is seen that vibratory in-plane hub drag force F4p

x is virtu-
ally eliminated, and the hub side force F4p

y is reducedby 55%. Only
minor changes in other components of hub loads are observed.

For the optimal � ap and lag stiffnessvariationsTable 7 shows the
percentagechangesin the � rst through� fth harmonicsof thevarious
componentsof bladeroot loads (with referenceto thebaselinevalues
given in Table 2b). None of the componentsof blade root loads show
any signi� cant increases. The third through � fth harmonics of the

Table 7 Percentage change in harmonics of blade root
loads caused by the optimal 2,3/rev � ap and lag device

stiffness variations

Percentage change in harmonics
Blade root

loads 1/rev 2/rev 3/rev 4/rev 5/rev

Sr ¡0.34 ¡4.20 9.46 10.27 5.03
Sx ¡0.47 ¡8.23 ¡40.02 8.23 ¡0.14
Sz ¡0.61 3.32 ¡23.42 ¡4.79 ¡10.87
MÁ ¡0.36 ¡1.26 7.10 12.03 9.61
M¯ ¡0.32 0.67 ¡4.53 ¡14.70 ¡23.13
M³ ¡0.83 ¡28.53 ¡11.18 5.60 0.30

Fig. 15 Effectiveness of optimal 2,3/rev � ap and lag device stiffness
variations for changes in root element (� exure) � ap stiffness.

blade root radial shear Sr show increasesbetween5–10%; the fourth
harmonic of the blade root drag shear Sx shows an 8% increase; the
third through � fth harmonics of the blade root pitching moment
MÁ show between 7–12% increases; and the fourth harmonic of
the blade root lag moment M³ shows a 5% increase. Signi� cant
reductions seen were in the third harmonic of Sx (40%), second
harmonic of M³ (30%), third harmonic of the blade root vertical
shearSz (23%), and� fthharmonicof thebladeroot � appingmoment
M¯ (40%).

5. Vibration Reduction for Changes in System Properties (Root Element
Flexural Stiffness)

In Sec. IV.C.4 simultaneous multi-cyclic variations in spring co-
ef� cients of both the � ap and lag devices were seen to signi� cantly
reduce the hub vibration levels of the baseline con� guration whose
properties are given in Table 1. The present section veri� es that
the concept of using multi-cyclic variations in spring coef� cients
of discrete controllable stiffness devices would be effective even if
the baseline con� guration changes. Keeping the discrete control-
lable devices unchanged from the baseline, the � ap, lag, and torsion
stiffness of the blade root element (representative of the � exure)
is individually varied by §25% of its nominal value. The optimal
2,3/rev � ap and lag device stiffness variations are reevaluated, and
their in� uence examined on the vibratory hub loads. Figures 15–17
show reductions in vibration index Jz for variations in � ap, lag, and
torsionstiffnessof the � exure,respectively.Overall, themulti-cyclic
controller retains its effectiveness (producing 25–35% reduction in
vibration index Jz comparedto the uncontrolledcase) over the range
of variations considered in the � ap, lag, and torsion stiffness of the
� exural element. The control effort index Jk shows a slight increase
when the � ap stiffness or lag stiffness of the � exural element is
reduced.

6. Effectiveness of Vibration Controller at Different Forward Speeds

This section examines the effectiveness of 2/rev and 3/rev � ap
and lag stiffnessvariationsfor vibrationreductionat differentcruise
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Fig. 16 Effectiveness of optimal 2,3/rev � ap and lag device stiffness
variations for changes in root element (� exure) lag stiffness.

Fig. 17 Effectiveness of optimal 2,3/rev � ap and lag device stiffness
variations for changes in root element (� exure) torsion stiffness.

Fig. 18 Effectiveness of optimal 2,3/rev � ap and lag device stiffness
variations for different advance ratios.

speeds. Figure 18 shows the vibration performance index Jz with
and without the multi-cyclicstiffness variationsover forward speed
ranging from advance ratio of 0.25 to 0.35 (the optimal stiffness
variations are recalculated at different � ight speeds). The vibration
performance index is normalized with respect to the baseline (un-
controlled) vibrations at an advance ratio of 0.30 given in Table 2a
(corresponding to Jz D 100). It is seen that as the advance ratio in-
creases from 0.30 to 0.35, the uncontrolledvibrationindex increases

from 100 to 320. As the advance ratio decreases from 0.30 to 0.25,
the uncontrolledvibration index again increases from 100 to 400, as
a result of the dominanteffect of the rotor wake at the lower advance
ratio.With optimal2/rev and 3/rev stiffnessvariationsof the � ap and
lag devices, the vibrationindexshows reductionsacross the advance
ratio range. The reductions in Jz , relative to the uncontrolled case,
vary from 55% at an advance ratio of 0.25 to around33% at advance
ratios between 0.3 and 0.35. The control effort index Jk shows only
mild variationsover the rangeof forward speeds considered,despite
the large differences in the uncontrolledvibration levels.

V. Conclusions
In the present study it is demonstrated that cyclically varying the

stiffness of discrete controllable stiffness devices introduced in the
blade root region produces reductions in the 4/rev vibratory hub
loads of a four-bladed hingeless rotor helicopter. The controllable
stiffnessdevices (a � ap stiffnessdevice, a lag stiffness device, and a
torsion stiffnessdevice) are modeled as discretespringswhose stiff-
ness coef� cients can be varied, and their in� uence is included in a
comprehensive rotorcraft aeroelastic analysis. Finite element and
modal convergence studies were conducted to ensure accuracy of
hub vibrationpredictionsin the presenceof the discretespringswith
cyclically varying stiffness. A gradient-basedoptimization scheme
is used to determine the optimal multi-cyclic stiffness variation in-
puts that minimize a composite vibration index (comprising of all
six componentsof vibratoryhub loads). Devices introducedto cycli-
cally control the � ap and lag stiffness of the rotor were effective in
substantiallyreducingthe in-plane4/rev vibratoryhub forces.When
optimal 2/rev and 3/rev � ap and lag device stiffnessvariationswere
used in combination, the vibratory hub drag force was practically
eliminated, and the vibratory hub side force was reduced by 55%.
No signi� cant detrimentaleffects were observedon the � rst through
the � fth harmonics of the vibratory blade root loads. Multi-cyclic
stiffnessvariationsof the torsion device producedonly small reduc-
tions in the 4/rev hub vertical force. Multi-cyclicstiffnessvariations
of the � ap and lag deviceswere seen to be effective in reducinghub
vibration even when the fundamental rotor properties such as the
� ap, lag, and torsion stiffness of the root (� exure) element, and the
operating condition (forward speed) were changed.

Appendix: Convergence Study

Table A1 Optimal stiffness variations predicted using two � ap,
two lag, and two torsion modes (Drees in� ow, ¹ = 0:35)

Input Amplitude Phase, deg

Flap device 2/rev 1Kw = 29.3% NKw 143.6
stiffness variation 3/rev 1Kw = 68.3% NKw 36.9

Lag device 2/rev 1Kv = 25.1% NKv ¡74.4
stiffness variation 3/rev 1Kv = 49.8% NKv ¡167.1

Torsion device 3/rev 1KÁ = 48.1% NKÁ ¡8.3
stiffness variation 4/rev 1KÁ = 42.0% NKÁ 134.9

Table A2 4/rev vibratory hub loads (predicted using two � ap, two
lag, and two torsion modes) with and without stiffness variations

(Drees in� ow, ¹ = 0:35)

With 2,3/rev With 2,3/rev With 3,4/rev
4/rev hub Baseline � ap stiffness lag stiffness torsion stiffness
loads values variation variation variation

Fx
a 2.06 1.43 1.79 2.07

Fy
b 2.08 1.31 1.65 2.07

Fz
c 1.23 0.002 0.12 1.13

Mx
d 10.52 2.46 10.33 10.42

My
e 11.26 0.91 10.41 11.00

Mz
f 10.52 7.92 12.34 9.78

a Fx D drag force.
b Fy D side force.
c Fz D vertical force.
d Mx D rolling moment.
e My D pitching moment.
f Mz D yawing moment. [All forces are % of F0

z (6042 lbs). All moments are % of
M0

z (6556 ft-lbs).]
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